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kOTfkX^ÅV[^`m^`VrV[_V[ILOa^`TL^`VX^oZj$u/_,kX^ÅV[^`_,Tg^hT
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Z:Tfl¦i,ON_,MaONVXY[^h\¨Y[ONi:vfhZ:YX^`VrLB^`VXIVXILO^`YJV[_:u/_:h_:i:^o\NZ:G/ONIGZFW^h_:Y^hT_,Y[lyOYVX_auLYX_m^olyOzZ,ONY[ MfOy^hL`O
k[\eILOMaO,9S^hTfZ:`h:gL_,vLY¥Y[Z:MPON_:Y[­¦ZjuLuLh^hOkVX_¦\N`_WkO;l¦_,Y_:u/ONTLO;l!\N_:TWVX_,vLYekN
SUT¸V[IL^hkkO;\]VX^h_:TgOuLY[_:u/_,kXOZjT Zjhi:_,YX^`VXILM ¥_:Y\eIfZ:TLi:^hTLiVXILO±VX_:u/_:h_:i,Ã_jZÍ\_,TWVX_:vfY°®
\N_:TWVX_,vLY$VX_,uG_,`_,i:^hk&lLOfTLO;lPmV[ILOxTmvLM/ONY§_j^ÅVek§\N_:TLTLO;\]V[OlP\_,Mau/_:TfONTWV[k&Z:TflPILONVXILOY&OZ,\eIa_:
^`V[k\N_:MPu/_:TLOT,Vek^hk\N`_WkO;l¦_:YJ_,uGOTLOlBHJILOYXON¥_:Y[O:gWVXIfO¨V[_:u/_:h_:i,¦\_:TGkrV[Y[Z:^`TWV\N_:TfkX^okrVek>^hT\eIfZjTLi,^`Tfi
V[ILOTmvLM/ONYd_:z\N_:TLTfO\]V[Ol¸\_,MPuG_,TLONTWV[kP_,Yd^`T \N`_Wk^hTLi_:Yd_,uGOTL^`TfiZi,^`,ONT \_:MPu/_:TLOTWVDÐ¨vLY
Z:uLuLY[_,Z,\eI\_,Tfk^okV[kJ^hT!vGk^hTLiaVr>_PfZ,k^o\¨VX_,uG_,`_,i:^o\NZj8_,uGOY[ZjVX_:YekHJILO¤fYekVx_:u/ONYeZVX_,Y>^hh`vfkVXYeZV[Ol!^hT
Gi:vLY[Ox ´ ~,\N_:TfkX^hkV[k^`TMPONY[i:^hTLiJVr_x\_,T,V[_:vLYOlyi,Ok Õ OuGOTfly^hTLitIfOVXIfONYV[ILO&O;lyi:O;kGO`_,TLiV[_VXILO
k[ZjMPO¤\_:TfTLO\VXOl\_,Mau/_:TfONTWV>_,Y>TL_:VgWVXIf^hk_:u/ONYeZV[_:Y\Y[OZV[Ok>_:YYXOMP_:OtZa\_,TLTLO\VXO;l¦\_,Mau/_:TfONTWV
HJIfOzkXO\N_:TflVX_,uG_,`_,i:^o\NZ:/_,uGOY[ZjVX_,YJ\N_:TfkX^okrVekJ^`T\h_,kX^hTLi_,Y_:u/ONTL^hTLidZP\_,TLTLO\VXO;l!\N_:MPu/_:TLOT,V;
Ð¨vLYxZ:uLuLY[_,Z,\eI¦¥_:YMP_yly^`¥m^`TLidZd\N_:TWVX_,vLYVX_:u/_:h_:i,¦\NZ:T/OlyO\N_:MPu/_,kXOl^`TWVX_aV[ILYXOOkrV[ONufk³
´ vL^`oly^hTLid_j$Zai:Y[^hlmb fZ,kO;llLZjV[ZPkrV[YXvG\]VXvfYXO,
y Õ ONVXO;\]VX^h_:T_:^hTWVXONYekXO\]V[^`TfiO;lyi:O;kN
QL®xuLuf`^o\NZjVX^h_:T_jVX_:u/_:h_:i,^h\Zj8_:u/ONYeZV[_:YekfZ:kXOl_:TVXILO;kO^hTWVXOY[kXO\VX^hTLiO;lyi:O;kN
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HJILOGY[kV¦krV[ONu¸\Y[OZV[OkPZlLZVeZkrV[YXvf\VXvLY[OILONY[O!VXILO\N_:h`^ok^h_:T¸lyONVXO\VX^h_:T GONVr>OONT¸\_,T,V[_:vLY
\N_:TLTfO\]V[OlÍ\N_:MPuG_,TLONTWVek^hk\_,MaufvyV[ZjVX^h_:TfZ:`hÌONÈd\N^`OTWV±HJILOkXO\N_:TflÍlLOVXOYXMP^hTLOkVXILOi:ON_,MPOVXY[^o\
^hTWVXOY[kXO\VX^h_:Td/OVrONONTOlyi,Ok>ZjTfl¦VXILO¨hZ,krVkrV[ONuZ,\]V[vfZjh`Pu/ONYX¥_:Y[Mdk>Z:`GVX_,uG_,`_,i:^o\NZjfMa_yly^`G\ZVX^h_:TGkN
S^hi:vLY[OP ´:´ lyOVeZj^hhkV[ILO¤VX_:u/_:h_:i,¦\eIfZjTfi:OzZjhi:_:Y[^`VXILM kVXOufkJOyuLoZj^hTLOl^hTV[ILOz¥_:h`_^hTLiPkO;\]V[^`_,TfkN
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S^hTfly^hTLiÎuGZj^hY[k_j^hT,V[ONYekO;\]V[^`TLiÏOlyi,OkIfZ:kZjT  G¡]£j¡]£¨\N_:MPuLhOy^ÅVr _j  # PILOYXO ^hkVXILO
TmvLMGOYx_j$:OYV[^h\NOk6_:YxO;lyi:O;k[JÐ¨vLYxZ:`i,_:Y[^ÅV[ILM ^okxfZ,kO;l_,TZPY[ONi,vLoZjYi:Y[^ol_:BkX^hÄNO  Z:TflIfZ:kZ
\N_:MPuLhOy^`Vrh^`TfOZjY>^ÅV[IdVXIfO¨YeZV[^`_ 	AU  ILONY[O 	Ï^hk&VXILO¤`OTLijV[Id_jV[ILO¨\N_:TWVX_,vLY$HJILOYXON¥_:Y[O:g:vfTL`^h­:O
V[ILOZ:uLuLY[_,Z:\eI!uLY[_:u/_,kXOl!^hT 8  ´ :cgG_:vLY¨ZjuLuLY[_,Z,\eI^okxTf_jVtY[ONi,^`_,TybcGZ:kXOlÌ6^`TGk^olyO_,Yx_:vLV[kX^hlyOY[ONi,^`_,Tfke
fvyVx_:TLh¦vfkXOkV[ILOu/_:hWi,_:TfZ:lyOk[\Y[^`uLVX^h_:T!_jVXILO\N_:TWVX_,vLY
HJILOxVr>_ly^hMPONTfkX^`_,TfZjGsBvf\h^olyOZ:TPkXufZ,\O^`VXI¦ZzY[O¥ONY[ONTG\O¥Y[Z:MPO 	
  ^hk>lyO\N_:MPu/_,kXOl^`TWVX_
Z¨Y[ONi:vfhZ:YkWvfZjY[O§i,YX^olIL_WkOJkX^`ÄO  ^okvfkXONYXb lyONfTLO;lHJILOJ^hT MfvLOTf\OJ_:fVXIfOi,YX^olkX^hÄNO  ^hk$ly^okX\Nvfk[kO;l
^hTÌkXO\VX^h_:TÎ =  ´ ]¤SUTV[IL^hk¤Y[ONi,vLhZ:YxoZVV[^h\NO:g8OlyONfTLOZuG_,^`TWV¤_j§Y[_ ZjTfl±\N_:hvLMPT±^hTfly^o\Ok !¦ZjTGl
 Z,kJVXILOuG_,^`TWVx_: %Z:YV[OkX^hZ:T!\N_m_:Yely^`TGZVXO;k	  @B9 $7 !
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ÍILONY[O	  @B9  ^okJVXILOi:Y[^hl!_:Y[^hi:^hT!u/_:^hTWVHJIf^hkuG_,^`TWVa^hkY[Z:Tfly_,MahlyOV[ONY[Ma^hTLO;lÍOZ,\eIVX^hMaOVX_,uG_,`_,i:\_,TfkrV[Y[Z:^`TWVekZjY[OZ:\VX^hZVXO;lÍ^hTÃ_:YelyONY
V[_MPZ:­:OaVXIfO¦Zjhi:_:Y[^`VXILM%^hTflyOuGOTflyONTWV_:§V[ILOd_:Y[^`i,^`T1\eIL_:^o\O,SLvLYXVXILOYXMP_,YXO,g>OdlyONfTLO¦Zk,vGZjY[O
\NONh&_j^`TGlyO!   ¨Z:k¤V[ILO¦k WvfZ:YXOdlyONVXOYXMP^hTLOlm±VXIfOP¥_:vLYu/_:^hTWV[kz_:^hTfly^o\O;k !  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ZjTfl(!   7 * [¤SUTOZ,\eIÌ\O`$_jBV[ILOaYXOi:vLoZjY¨i:Y[^hlg8OkVX_,YXOVXILOa`^okV¤_: j¡]£	¬	 ,¬\N_:Y[YXO;ku/_:TGly^`TfiVX_PV[ILOlyO;\_:MPu/_,kX^ÅV[^`_,T_:ZP\_,TWVX_:vfY_:TVXILOY[ONi,vLhZ:YJhZjVVX^o\O,
SUT±_,Y[lLONYV[_¦LvL^hhlVXILOk[ZjMPuLhOl\N_:TWVX_,vLY;gfOkX\ZjT±ZjhO;lyi:O;kx_:$O;Z:\eI\_,TLTLO;\]VXO;l\_,Mau/_:TfONTWV
Sf_:Y¤OZ,\eIÌOlLi:O:g8OV[OkV^Å^ÅVz^`TWV[ONYekO;\]V[kzZ:TWY[_ _:Yz\_,`vLMPTfk¤_:&VXILOPY[ONi,vLhZ:YtoZVXVX^o\O:Bm^`TG\OaVXILO
Y[_ Z:Tfl\_,`vLMPTÍly^hYXO;\]V[^`_,Tfk\_,YXY[OkXuG_,TflV[_VXILOly^`Y[O\VX^h_:Tfk
 Z:Tfl _jVXILO¦\N_W_,Y[lL^`TfZjVXOa¥YeZjMPO:g
V[ILOkXO^hT,V[ONYekO;\]V[^`_,TÎV[OkV[k¦Z:YXOOÈ¦\N^`OT,V[` \_,MaufvyVXO;l  ILOT¿Z,ONYXVXONÎuG_Wk^`VX^h_:T \N_:^hTf\^olyOkP^`VXI
Zi,YX^ol1uG_,^`TWV6IL^o\eIÍ^hk:ONY[ÌvfTL`^h­:O`LPgVXIfONTÍ_:TfO\O`>^hk\N_:TfkX^okrV[ONTWVXh1\eIf_,kXONT!s&Z:\eIV[^`MPOZ:T
^hTWVXOY[kXO\VX^h_:TÍ^`VXIÏVXILOYX_Â_,Y\_,`vfMaT ly^hYXO;\]VX^h_:TÎ^hk¥_:vLTGlg§Z j¡]£	 ¬¡U¬ ^hka\Y[OZjVXO;lÃZjTflÃVXILO
^hTWVXOY[kXO\VX^hTLi\_:TWV[_:vLY$OlLi:O^ok&krV[_:Y[Ol^`TaV[ILOt j¡]£	¬¡U¬: SLvfYV[ILONY[MP_:Y[O:g:Z :¡]£	 ¬N¡ ¬ ^ok&kVX_:Y[Ol^hT
Z :¡]£	P¬	N W¬&kVXY[vf\]V[vLYXO,®E j¡]£	P¬	N W¬B^ok&O^ÅV[ILONY§ZzuGZj^hY&_j j¡]£	¬¡c£e¬Í_,Y§Z j¡]£	¬¡U¬°Z,kXkX_y\^oZVXO;l
^`VXIÃZ:TÍONTfl,ONYXVXON ¥IfONTÍV[ILO\_,TLTLO;\]VXO;lÍ\_,Mau/_:TfONTWV^hkZjTÍ_,uGOTLOlh^`TfO;] S^hTfZjhh:gVXILO j¡]£	
¬	 ,¬J^okxZ:uLuGOTflyO;l¦V[_PVXILOh^hkVx_jB j¡]£	!¬	N W¬^`TGk^olyOzVXIfO\_:Y[Y[OkXuG_,Tfly^hTLii,YX^ol\NONh4
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SUTP_,Y[lyOY$VX__,uyVX^hMP^`ÄOMPONMP_:Y[kXufZ:\NO:gjOxkVX_:Y[OxZjhLTL_,Tyb ONMPuyVri,YX^ola\ONhokB^`T¦ZzIGZ:kXIVeZjLhO:g,IfZ:kXILO;l
m!^ÅVekxY[_DZ:Tfl\_,`vfMaT^hTfly^o\O;kNxHJIfOTmvLM/ONY¨_jBi:Y[^hl\NONhhkt^hktuLYX_,uG_,YV[^`_,TfZjVX_dV[ILOhONTLi:VXI 	¿_:
V[ILOx\_,TWVX_:vfYSUTd_:YelyONYVX_lLOVXO;\]V§u/_,k[kX^`LhO\_,T,V[_:vLYB^hTWVXOY[kXO\VX^h_:TfkgjOZ,\eIOTWVXY[VX_zV[ILOIfZ,kIaV[Z:LhO^hk
k[\NZ:TLTLO;l9SL_:YO;Z:\eI!\ONh\_,TWV[Zj^hTL^hTLiÌi,YX^olO;lyi:O;k^ÅV[I W *,gy>O¤V[OkVVXILO^hTWVXONYekXO\]V[^`_,T/OVrONOT
Z:`GufZj^hYek&_ji,YX^olPOlLi:Ok¨6kXONOtfi:vLY[O ´ Q,x6Z,X]$Bm^hTf\O¨OZ,\eIdi:Y[^hlPO;lyi:O¨^hk§i:ON_,MPOVXY[^o\NZjhhY[ONuLY[OkXONTWVXO;l
mZah^`TfOkOi:MPONTWVgmV[IL^ok^`TWV[ONYekO;\]VX^h_:TVXO;krV_,TL`YXO WvL^`Y[Ok>V[ILOONZjhvfZjVX^h_:T!_jVr_dly_jVuLY[_ylyvf\V[k
Ð¨Tf\NOaZufZj^hY¤_j§i,YX^olOlLi:Ok¤IfZ,kt/ONOT±¥_,vLTflV[_^hTWVXOY[kXO\VgZuGZj^hY¨_:>\_,T,V[_:vLY¨Olyi,Ok¤MvGkrVzGO
Z,kXkX_y\^oZV[Ol¥_:YBV[ILO¨Z:uLuLh^h\ZV[^`_,Ta_:8VX_:u/_:h_:i,^h\ZjL_,uGOY[ZjVX_,Y[k4kOOtkO;\]V[^`_,T±¥f Q,X]O\NZ:vfkXOxZ\_,T,V[_:vLY
O;lyi:O^oktkVX_,YXO;l!^`TO;Z:\eIi:Y[^hl!,ONYXVXOgL_,TLO\N_:TWVX_,vLYOlyi,O\NZ:TGOZ,kXkX_y\^oZV[Ol!^ÅV[IOZ,\eI!i,YX^ol!Olyi,O:
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origin
Grid construction
Create grid vertices
- at contour intersections with the grid
- at contour end vertices
Create grid edges
Store non-empty grid cells in a hash table
Compute grid edge intersections
Find out the corresponding contour edge intersections
and store them in a second hash table
n timesDeform contours
Apply topology
operator to both
intersections
Apply topology
operator to the
intersection
Align edges
between both
intersections
For each contour edge intersection
d- size
Find a second
- random o
Non-intersection algorithm?Topology algorithm?
Found? Found?
3
1
2
intersection between
the intersecting
contours
Find a second
intersection between
the intersecting
contours
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End Vertex
Grid Edge
Grid Vertex
Grid Cell
Grid Edge
Associated Contour Edge
Contour Edge
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HJImvfkgLOZ:k[k_y\N^hZjVXOz^ÅV[IOZ,\eIi,YX^ol!Olyi,O:gyV[ILOMP^hlfly`O_jVXILO;kOVr_d\_,T,V[_:vLYO;lyi:O;k¥^hTVXOYXMdk_:
V[_:u/_:h_:i,^h\Zjly^okrVeZjTf\NO;Z:kkXIL_T!^`T!fi,vLYXOd ´ Q,¤6G]
Ð¨vLYx\N_:TWVX_,vLYJOlyi,Oz^`TWVXOY[kXO\VX^h_:TZjhi:_,YX^`VXILMÂIGZ:kJV[ILO¤¥_:h`_^hTLiPuLY[_:u/ONYXVX^hOk³
´ JS _:TfOtufZ:^`Y_ji,YX^oldOlLi:Ok>^hT,V[ONYekO;\]Vek&V[ILONTVXILOYXO¨^hkZVJ`O;Z:kV>_,TLOtufZ:^`Y>_j\N_:TWVX_,vLY§O;lyi:O;k&V[IfZV
^`TWV[ONYekO;\]V[kJ^hTfkX^hlLOzVXIL^oki:Y[^ol\O`c
yJS /Z¨ufZj^hY$_jG\N_:TWVX_,vLYOlyi,Ok^`TWV[ONYekO;\]V[kZjTGl^`fVXIfOJ\N_:Y[YXO;ku/_:TGly^`Tfix^`TWV[ONYekO;\]VX^hTLizZjY[OZt^hki:Y[OZjVXOY
VXIfZ:T    VXIfONTVXIfONY[O¤^okZP\_,YXY[OkXuG_,Tfly^hTLiaufZj^hY_j^`TWVXOY[kXO\VX^hTLiPi:Y[^hlOlLi:Ok
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>O\NZjTfTL_jVxuLY[ON,ONTWVVXIfO¥vfkX^`_,T_jVr>_¦ly^okVX^hTf\]V
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V[ILOt^hMdZji,OG_,Y[lyOY[k$HJILONY[O¥_,YXO,g:k^hTf\NOtOtlyOZ:f^`VXI\N`_WkOxZ,k&ONhGZ,k&_:u/ONT¦\NvLY[:Okg:OxuLY[_:u/_,kXOJVX_
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IfZ,kGOONTavfkO;lZ:TflV[ILOx\_,TWVX_:vfY Mf_xk
_,vyV[kX^olyOVXIfOx^`MdZ:i:Ox/_:YelyONYek$Ð¨TPVXIfOtY[^`i,I,V[MP_,kV&^`MdZji,O:g:VXILO¤\_:TWV[_:vLYBIfZ,k&/ONOTZjvyV[_:MdZV[^h\Zjh`a\vyV
ZjVJVXILO\N_:TWV[Z,\]V_jVXILOz^hMdZji:Oz/_:YelyONYek
S^hi:vLY[O ´>= ³BmONi,MPONTWV[ZjVX^h_:TÍ_jxZ\NZjY[_jV[^hlfY[Z:Tf\eIL^hTLi¥YX_,MÑZjTÍvL`VXYeZ:kX_:vLTGl^`MdZji,O¦^`VXIL_,vyV6`ON¯Ve
Z:Tfl^ÅV[I6YX^hi:IWV]JZjvyV[_:MdZV[^h\¨VX_,uG_,`_,i:¦\eIfZ:TLi:O;k_jV[ILO\_,TWVX_:vfY_:TVXILO^hMdZji:Oz/_:YelyONYek
S^hi:vLY[OÏ ´ D,lyONV[Zj^hok¦V[ILOÍ\_:TWV[_:vLYON:_,`vLVX^h_:T ¥Y[_:M#^`V[k!^hTL^ÅV[^hZ:zuG_Wk^`VX^h_:T 6vLuLu/ONYhO¯VeV[_Ï^`V[k
\ZjY[_jV[^hlLYeZjTG\eIL^`Tfi¦kIfZ:uGO,¨s&Z,\eIÌ\_,TWVX_:vfYt:OYV[O^hk¤ly^okufhZF,OlZ:k¨ZkXMdZjhk,vGZjY[O:tHJILOa\_,T,V[_:vLY
^okJY[ONi:vfhZ:YX^hÄNO;ldm¦Za\NvLY[FZjVXvLY[Ozly^ )8vfkX^`_,T!\N_:TfkVXYeZj^hTWVBHJILO\_,TWVX_:vfYY[OkX_:hvyV[^`_,T\_,TfkrV[Y[Z:^`TWVJ^hkJvGkO;l
O:OYX ´ ~^`VXOY[ZjVX^h_:Tfk¨VX_lymTfZ:MP^h\Zjh`ÌZ,lLl:ONYXVX^o\O;k¤ILONTVXILO¦\N_:TWVX_,vLY¤`OTLijV[I1^hTf\NYXO;Z:kXOkSUMdZji,O
/_:YelyOY\_,TfkVXYeZj^hT,VekZ:YXO\_:MPuLvLVXOlON,ONY[ ´ ~x^`VXONYeZV[^`_,TfkZ,kONh,VX_zlyOV[O\]VBZjhm\_:TWV[_:vLY^`TWVXOY[kXO\VX^h_:Tfk
^`VXI!V[ILO^`MdZ:i:OzG_,Y[lLONY;
S^hi:vLY[O ´ D,]g,`_ONY$Y[^`i,IWVg,kXIL_xkV[ILOxON,_:hvyVX^h_:Ta_j/VXIfOxTmvLM/ONY&_:8\N_:TWVX_,vLYB:OYV[^h\NOk$_,ONYVX^hMPO:
 W
 «X ¢
	yL¬¢4¡Xj£¯¢j¢L¡XP¬c¡]£ac£¬j¢ªy¡ UI
0.0 25.0 50.0 75.0 100.0
Iteration
0.0
50.0
100.0
150.0
N
um
be
r 
of
 v
er
tic
es
S^hi:vLY[O ´ Df³$s&:_:hvyV[^`_,T_:$ZP\h_,kXOl!\vfYX,OtV[_Z:Y[lLkJZ:T_,uGOT\ZjY[_jV[^hlLY[Z:Tf\eIL^hTLiP^`TZ:TvL`VXYeZ:kX_:vfTfl
^hMdZji,O:
WXWZYE[\]]^
:}  a¬«Å£¯¢W W¬  ¬ ¢  j¢8E
   (]

C#%"   0 . 	 ,. .  . \/.     $    ,%.
1O&OFZ:`vGZVXO$V[ILO&u/ONYX¥_:Y[MdZjTf\NO_:y_:vLYZ:vyVX_,MPZjVX^o\VX_,uG_,`_,i:tZ,lLZjuyVeZV[^`_,TzZ:`i,_:Y[^ÅV[ILM¿_,TzVXILOBONyZ:MPuL`O
^hTÏfi:vLY[O ´ I:]ÎHJILO\N_:TWVX_,vLYg&\N_:TfkX^okrV[^`TLi1_j = ~:ONYXVX^o\O;kNgB^okdlyON¥_:Y[MaO;lÍ¥Y[_:M Z1\^hY[\NvLoZjYPkIfZ:uGO
V[_Z:Y[lfkxVr_\^hY[\NvLhZ:Y\_,TLTLO\VXO;l\N_:MPuG_,TLONTWVekNdHJILO¦\N_:MPuLvyVeZVX^h_:TVX^hMPOP¥_:YfvL^`oly^hTLi!VXILO¦lfZV[Z
kVXY[vf\VXvLY[OlyO;kX\NYX^hGO;l^`T±kXO\VX^h_:TÃ6f ´ J^ok¨lL^hkXuLoZF:Ol!^hTfi:vfYXO ´ }WZ:k¨ZP¥vLTf\VX^h_:T±_:V[ILOi,YX^olk^hÄNO
 S V¨Z:YX^hOkx¥YX_,M ´ I = MdkV[_ ´ MdktIfONTVXIfOi:Y[^olk^hÄNO^hTf\NYXO;Z:kXOkJ¥Y[_:M ~L ´ IV[_ ´ ~d^hMdZji,OuL^ÅyOhk
_,T!Z:T®t`uLIGZ:kV[ZV[^`_,T = ~:~P²ILÄ,&HJILO\_:MPuLvLV[ZV[^`_,T¦V[^`MPOz¥_:YxZ:uLuLhm^`TLiVXIfOzVX_:u/_:h_:i,^h\Zj/_:u/ONYeZV[_:Yek
\ZjTGOzTLOi:hO\]V[Ol^`T!i:OTLONYeZjc  IfONT¦V[ILOzi:Y[^hlk^hÄNO¤^ok>O WvfZj/VX_aV[ILO¨MPO;ZjT!Olyi,O¤ly^okV[ZjTG\OP6ZjY[_:vfTfl
uL^`yONok[gVXILOd\N_:MPuLvyVeZVX^h_:TÌVX^hMPOaTfONOlLOlV[_lyOV[O\]VO;lyi:Oa^`TWV[ONYekO;\]VX^h_:TGkt/O\N_:MPOkZ:`MP_,kV¨O WvfZj
V[_aVXILO\N_:MPuLvyVeZVX^h_:TVX^hMPOTLONO;lyOlV[_¦lyO¥_,YXMÂV[ILO\_,TWVX_:vfYJlLvLYX^hTLiP_:TfO¤^`VXOY[ZjVX^h_:T¥G }aMdk[
 ILOT±V[ILOi,YX^ol±kX^`ÄO^hTf\Y[OZ,kO;kNgGVXIfOa\N_:TWVX_,vLY¨k[ZjMPuLh^`Tfi_:TÌVXILOaY[ONi:vfhZ:Yxi:Y[^hl±GO;\_:MPO;k¨kXufZjYekXO
Z:TflÌVXILOYXON¥_:Y[OPkX_:MPOP\_,T,V[_:vLY^hTWVXOY[kXO\VX^h_:Tfk¤MdZF±TL_:Vz/O¦lyONVXO\VXO;lRx_ON,ONY;g/OdIfZF,O,ONY[^ÅfO;l
V[IfZV>VX_,uG_,`_,i:^o\NZj/\eIfZjTfi:Ok§krV[^`h8_m\\vLY>^ÅO¨\eIf_W_WkO¨Zi:Y[^oldk^hÄNO¤\_:Y[Y[OkXuG_,Tfly^hTLizVX_Pj~^hMdZji:OtuL^ÅyOhk
^`VXI\_:TWV[_:vLY&^hTWVXOY[kXO\VX^h_:Tfk&\eIfO\e­:O;laON:OYXPj~^`VXOY[ZjVX^h_:TfkSUTduLY[Z,\]V[^h\NO:gW>Ot\eIf_W_WkOxZ\_:TGkOYXZV[^`,O
_,uyVX^h_:T^`VXIÌZPi,YX^olkX^`ÄOO WvfZjVX_dV[ILOZF,ONYeZji:O¤OlLi:OhONTLi:VXI±Z:Tfl!^ÅV[IÌZa¥YXO WvLONTf\N¥_,YVX_,uG_,`_,i:
\eIGZjTLi,Ok_j = ^`VXONYeZV[^`_,TfkaIL^o\eIÎ^hMauf`^hOkdZ:T Z:uLuLY[_Fm^hMdZV[OZ:lfly^ÅV[^`_,TfZj\N_:MPuLvyVeZVX^h_:TÎVX^hMPO!_:z:~
u/ONYe\OTWV
S^`i,vLY[O ´ Im³$BmOi:MPONTWV[ZjVX^h_:T_jBZY[^hTLidkIfZ:uGOzmZ:TZ,\]V[^`,O¤\N_:TWVX_,vLY^ÅV[IZGZjh`_m_:T¥_:Ye\O,
 W
 «X ¢
	yL¬¢4¡Xj£¯¢j¢L¡XP¬c¡]£ac£¬j¢ªy¡  D
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
Grid Size
0.000
0.010
0.020
0.030
0.040
0.050
C
om
pu
ta
tio
n 
T
im
e
S^hi:vLY[O ´ }L³zpBh_jV_:§VXIfOP\N_:MPuLvyVeZV[^`_,TÌV[^`MPOa¥_:YzV[OkVX^hTLi\_:TWV[_:vLY¤^`TWV[ONYekO;\]VX^h_:TGk¤Z,kZ¦¥vfTf\]V[^`_,T1_:
V[ILOi:Y[^olkX^`ÄO:

C#	  * .]\%0,%. .  
 \/.12)       ) -) 
 . .10-'2
SUTÌfi:vfYXO! ´D ]g8OakXIL_ VXIfOO:_:hvyV[^`_,T±vLTflyOY ZjuLoZ:\N^hZ:T(BmMP_m_jV[IL^`Tfi¥O WvL^`Z:`OT,V¤VX_\vfYXZV[vLY[O
MP_:VX^h_:TZ:k¨lyOk[\Y[^`/Ol!^hTÌkXO\]V[^`_,TÍ6Q,XJ_j$V[ILO P¤^`TLi:bP§Z:TLi¦kXWMG_,Y[ONuLY[OkXONTWVXO;l!^ÅV[IVXILY[ONO\N^`Ye\hOk
Z:Tfl_,TLOJ\ONTWV[Y[Z:W_,uGOTLOla\vfYX,O: 1OZjuLuf`zV[_:u/_:h_:i:\eIfZ:TLi:OJZjTGlY[OkX_:hvyVX^h_:T\N_:TfkVXYeZj^hTWV[k_:TVXILO;kO
\N_:TWVX_,vLYekZjVOZ:\eI!^`VXONYeZV[^`_,T^hT_:YelyONYV[_aOTfkXvLYXOZPkXMa_m_:VXI\_,T,V[_:vLYJO:_:hvyV[^`_,T

C#ZY   )3,. \  	  $)  6	 \/)
HJIf^hkzoZ:kVOLZjMPuLhOP^`hhvfkrV[Y[ZjVXO;k¤VXILOdkXONi:MPOT,VeZV[^`_,T_:ZjTÍZ:_:YXVX^o\Z:Y[\eI1ZjTLi,^`_,i:YeZjuLIm:S^`i,vLYXOcj~,
kXIL_xkaV[ILO^`Tf^ÅV[^hZ:t\_,T,V[_:vLY±6vLuLu/ONY¦hO¯V]dZjTGlÏ^`V[k¦ON:_,`vLVX^h_:TÏVX_JZjYelLkVXILOÌZ:_:YXV[Z1ZjTflÏV[ILOMdZj^hT
,Ok[kOhkHJIfOt^hMPZ:i:OtkXONi,MPONTWV[ZjVX^h_:TP^hk§MdZ:lyOtlL^ÅÈ¦\vfÅVJmV[ILO¨\N_:TWVXYeZ:kV&ZjY[^hZjVX^h_:TfkHJILO¤\_,T,V[_:vLY§^hk
ZjVV[Y[Z,\]VXO;lVX_JZjYelLkVXILOIL^`i,ILOkVti,Y[Z,ly^`OTWVxFZ:`vfO^`TV[ILOm^o\^hTL^ÅVr!_j$OZ,\eI:OYV[O>s$mV[ONY[TfZj¥_:Ye\Ok
Z:YXO\_:MPuLvLVXOlZ:k¤Z¦¥vfTf\]V[^`_,TÌ_jBV[ILOP:OYV[Oly^hkV[Z:Tf\OVX_!Z¦i,Y[Z,ly^`OTWV¨u/_:^hT,V¤VX_!ZF:_,^hl_WkX\N^`hhZjVX^h_:Tfk
Z:YX_,vLTfl^`MdZ:i:OJOlyi,OkHJILOx\N_:TWVX_,vLYB^okBYXOi:vLoZjY[^hÄNOlmZz\vLY[ZV[vLYXOly^*)8vfk^h_:T¦\N_:TfkVXYeZj^hTWVSUT,V[ONY[TfZj
¥_,Y[\NOkZ:YXOdY[OkXu/_:TfkX^`f`Od¥_,YVXIfO\_,TWVX_:vfYufZjYeZjMPONVXONY[^hÄZV[^`_,T ¥V[Z:TLi:OT,V[^hZ:§ly^okufhZ,\ONMPOT,V]Z:Tfl1VXILO
ONmVXONY[TfZ:j¥_:Ye\O;kZ:YXO>fZ:\e­¤uLY[_jqrO\VXO;lz_:TV[ILO>Tf_:Y[MPZ:,ly^hY[O\]V[^`_,THJIfO>\_,TWVX_:vfYY[OkX_:hvyVX^h_:T\N_:TfkVXYeZj^hTWV
^okdZjufuL`^hOlÏON,ONY[ ´ ~1^`VXONYeZV[^`_,TfkaIL^o\eIÏMdZj­,OkVXIfOYXO;kXZ:Mauf`^hTLi1_:ONY[ILO;Z:lÍ,ONY[Í`_ H_:u/_:h_:i:
\N_:TfkVXYeZj^hTWV[kBZ:YXOx\N_:MPuLvyV[OlPON,ONY[ = ^`VXOY[ZjVX^h_:TfkB_,T¦ZuL^`yONfi,YX^olPk^hÄNOxVX_¥vfkXOV[ILOtkXON`¯bc^hTWVXONYekXO\]V[^`Tfi
\N_:TWVX_,vLYJufZjYXV[k$SUTWVXONYekXO\]V[^`_,Tfk^ÅV[I^`MdZ:i:O¤G_,Y[lyOY[kZ:YXOz\_,MPuLvyVXO;l!ON:OYX ´ ~a^ÅV[ONYeZVX^h_:TGkN
WXWZYE[\]]^
Q,~  a¬«Å£¯¢W W¬  ¬ ¢  j¢8E
S^hi:vLY[O ´D ³sB,_:hvyVX^h_:T _:zVXILY[ONOÌ\N`_WkO;l¸\_:TWV[_:vLYek¦ZjTGl¸_:TLO_,uGOTLOl¿\N_:TWVX_,vLYdvLTflLONYZjuLoZ:\N^hZ:T
kXMP_m_jVXIf^`TLiG
    "#!$ ] $J'x f d
HJIfOhON:OÅbUkXOVMPOV[IL_ylÍIfZ,k/ONOTÃ^`TWV[YX_ylyvf\NOlÍ^hTÍV[ILO\N_:MPuLvyV[ONYaW^okX^`_,TÃ\_:MPMvLTL^`Vr1mÍ²ZjhoZ:ly^
¬«@ 8 j~>:  S V^hk!fZ,kO;l¿_,TEZjTE^`MPuLh^o\^`VY[ONufYXO;kOT,VeZV[^`_,T¿_j\N_:TWVX_,vLYek¦V[IfZVZjh`_xkVX_,uG_,`_,i:
\eIGZjTLi,OkJlyvLY[^`TfiV[ILO\_,TWVX_:vfY[kON,_:hvyVX^h_:T Rt_>O:OYg,VXILOMdZjqr_:YxlyYeZFfZ:\e­yk>_j`O:ON`bUkONVJMPONVXIL_ylLk
Z:YXOPY[ONoZV[OlÌVX_VXIfON^hYly^ÅÈ¦\NvLÅVvfkOY^`TWV[ONYeZ:\]V[^`_,T1Z:TflVXILO^`Y\_:MPuLvLV[ZV[^`_,TfZj&\N_,kVgZ:ÅV[IL_:vfi:IÍk_,MPO
kXu/ONOlybcvLuZjhi:_,YX^`VXIfMPkfZ,kO;l_,TTfZjY[YX_ GZjTflLkJIGZF:OzGOONTuLY[_:u/_,kXOl
HJILO­,ONd^olyOZa_:VXIfO^`MPuLh^h\N^ÅVxY[ONufYXO;kOT,VeZV[^`_,T¦_jB\_,T,V[_:vLYek>^hkV[_dONM/OlVXIfOzVr>_:b ly^hMPONTfkX^h_:TfZ:
\N_:TWVX_,vLYJ^`T±ZV[ILYXOObUly^hMaOTfkX^`_,TfZjkXvLYX6Z:\O,&® \_,T,V[_:vLY^okxlyONfTLO;l!Z,kVXILO`O:ON`bUkONVJ_:V[IfZVtkXvLYX6Z:\NO
\N_:Y[YXO;ku/_:TGly^`TfiV[_
	R/ )fOV  " #  " lyOTL_jV[OVXILO`O:ON`bUkONV¥vLTf\]V[^`_,TxHJILO\N_:TWVX_,vLY ^hk
lLOfTLO;l!W8³
/FS  " # P RS /Y)6X
By^`Tf\NOz^ÅVx\_,YXY[OkXu/_:TflLk§VX_aV[ILOzÄNONY[_jbU\Y[_,k[kX^`TLi_:ONYJZakX\ZjoZjY>fONollLOfTLO;l!_:TZaY[ONi,vLhZ:Y>i,YX^olg ÌY[ONuyb
Y[OkXONTWVek§ZkXOV_j\N`_WkO;ld\vLY[:O;k§ZjTGld_:u/ONTLO;l¦\vfYX,Ok&IGZFW^hTLiV[ILON^hYOmVXY[ONMP^`VX^hOk>_:TdV[ILOtY[ONi,vLhZ:Y§i,YX^ol
/_:vfTflLZjY[: Rt_>O:OYg/^`TuLYeZ:\]V[^hkXO:gZ:vyVXIL_,Y[k¨IfZF,O_:Tf`±\N_:TfkX^hlLONY[OlV[ILOd\NZ:kXO_:>\h_,kXOlÌ\_:TWV[_:vLYekN
®¨kBV[ILO¨kXvLYX6Z:\O°\N_:TWVX^hTmvL_:vGkhO:_,`,Ok$_:OYBVX^hMPO:g ^hk>lyO¥_,YXMPOldZ:TfldMdZFaONTf\N_:vLTWVXOYBVX_,uG_,`_,i:
\eIGZjTLi,OkHJILOO:_,`vyV[^`_,TO ,vGZVX^h_:T!^oki:_,ONY[TLOldmZR¨ZjMP^hÅV[_:Tybr:Z,\_,L^8O WvfZV[^`_,T³
3 
3  7$  $ / )  ´ Q,
IfONY[O  ^hkZuLY[_:ufZ:i,ZV[^`_,T¦ku/ONO;l¦V[ONY[M9Q¤^h:OT¦V[IfZV  ^hkY[ONi:vfhZ:Y>OTL_:vLi,IgDY[ONMdZj^hTfkZ¥vLTG\]VX^h_:TZ,kJ^ÅVxO:_,`,Ok
 W
 «X ¢
	yL¬¢4¡Xj£¯¢j¢L¡XP¬c¡]£ac£¬j¢ªy¡ Q ´
S^hi:vfYXOj~f³BsB:_,`vyV[^`_,T_jZP\N`_WkO;l\NvLYX,O¤VX_JZjYelLk&V[ILOZj_,YV[^h\zZ:Y[\eI!ZjTflVXILOfY[Z:Tf\eIL^hTLiP:Ok[kXONokN
WXWZYE[\]]^
QW  a¬«Å£¯¢W W¬  ¬ ¢  j¢8E
® ¥_:Y[MdZjJ\_:MPufZ:YX^okX_:TÍ/OVrONONTÏG_:VXIÎVXILO!ufZjYeZjMPONVXY[^h\ZjTflÍhON,ON`b kXOVPZjuLufYX_WZ:\eILO;kIfZ:ka/ONOT
O;krVeZjLh^okILO;lYXO;\OT,V[`!m!®tvL/ONYXVP¬t«A@8 ´ :$^`TV[ILO\Z:kXO_jBi,ON_ylyOkX^o\kTGZj­:O;kNSUT±VXIL^ok¨kXO\VX^h_:TgG>O
ufYX_,uG_WkOzZauLY[Z,\]V[^h\Zj\_,MPufZjY[^hkX_:TGONVr>OONTG_:VXIZjufuLYX_WZ:\eILO;k§^hTf\N`vflL^`TLid^hMPuLhONMPONTWV[ZjVX^h_:T!^hk[kXvLOk
 C#%"   )+* ) \>2U)  	 \/)	 )   ,/.
1OPlyOk[\Y[^`/OIfONY[OVXIfOhON,ON`b kXOV¤^`MPuLhONMPONTWVeZVX^h_:TÌvfkO;lV[_\_,MPufZjY[O_,vLY¨ly^ok[\Y[OVXOa\_,T,V[_:vLYekx^`VXI
V[ILO¦hON,ON`b kXOVMPONVXIL_yl±HJILO`O:ON`bUkONV¥vLTf\]V[^`_,T  ^hkly^okX\NYXONVX^hÄNOl1_,TÃZYXO;\]VeZjTLi,vLhZ:Yi:Y[^hlIf_,kXO
Y[OkX_:hvyV[^`_,T\_,YXY[OkXu/_:TflLk>V[_V[ILO^hMPZ:i:OzuL^`yONkX^`ÄO:
HJILOuLYX_,ufZjiWZV[^`_,T1kXuGOOl1V[ONY[M  ^oklyO;k^hi:TfOlVX_ÌZjVV[Y[Z,\]V  VX_JZjYelLkz_:yqrO;\]V/_:vfTflLZjY[^hOkzOmbV[Y[Z,\]V[Ol¥YX_,M VXILO^hMdZji:OvfkX^`TfizZ¤i,Y[Z,ly^`OTWV_,uGOY[ZjVX_:Y^`VXIdZjTPZ:lLlL^ÅV[^`_,TfZjmY[ONi:vfhZ:YX^hÄN^hTLixV[ONY[MHJImvfk
 -S 
/  -S   S  7    ´ W
IfONY[O:³
	 -S W/ 


 


	
# 4  
 


	 



	 7 


	
 



#
  	
#




#  
lyONTf_jVXO;k¤VXILOd\N_:TWVX_,vLY\vLY[ZVXvfYXOdZVu/_:^hTWV S§
HJIL^okt^ok¨ZYXOi:vLoZjY[^hÄN^hTLiPVXOYXM%\_,YXY[OkXu/_:Tfly^hTLiPV[_¦VXIfOMPOZ:TÌ\vfYXZV[vLY[OMf_³OZ,\eI:OYV[O^hk
MP_:OlVX_JZjYelLk>^ÅVekx\OTWVXONY_:$\NvLY[FZjVXvLY[O:
	  ^hkBZz\_,TfkV[ZjTWVBY[OkXvLÅV[^`Tfi¤^hTPZ¨vfTL^Å¥_,YXM \_,T,V[_:vLY$O:_:hvyV[^`_,T^hTmZ:Y[lLk_:YB_,vyVrJZjYelLk$lyONu/ONTflL^`TLi
_:T^`V[kkX^`i,TBS Vx^hkJO WvL^`Z:`OT,VJV[_PVXILOZ:uLuLh^h\ZVX^h_:T!_j$ZafZjh`_m_,T¥_,Y[\NO8 IV: 
	  S K ' )* +B^okzZMvLÅV[^`uf`^o\NZjVX^h:Od\_mOÈ¦\N^`OT,VlyOuGOTflyONTWV_:TÌVXILOP^hMdZji:Oai:YeZ:lL^`OT,V¤TL_:Y[MÖZV
uG_,^`TWVRS>® VXY[vLTf\ZV[OlÍlyO;\Y[OZ:kX^hTLi!¥vLTf\]V[^`_,TÍ^`hhvfkrV[Y[ZjVXO;l^`Tfi,vLY[O±4 ´ ¤^hkvfkXOlg$ILOYXO
YXOuLY[OkXONTWV[k$V[ILOx^hMdZji:O^hTWVXOTfk^`Vr: ILOT!MP_,Ok&Z,\Y[_,k[k$uL^ÅyOhkB_:IL^`i,Idi:YeZ:ly^hONTWV;gjVXIf^hk&VXONY[M
kh_xk¤ly_T±V[ILOhON,ON`b kXOVzuLY[_:ufZ:i,ZjVX^h_:TzHJILOaufZjYeZjMPOV[ONY a^hkzlyONVXOYXMP^hTLOlZ:kzZ¦V[ILY[OkXIL_:ol
_:T!VXIfOMa^hTL^hMvLM i:YeZ:ly^hONTWVJTL_:Y[M6^4 O:hgyV[ILOMP^`TL^hMdZj^hMdZji,O¤/_:vfTflLZjY[¦kVXY[ONTLi:VXIGY[O WvL^hYXO;l
VX_¦kVX_,u!ZahON:OÅbUkXOVON,_:hvyVX^h_:T
|   I|
β
0
1
s
S^hi:vfYXO ´ ³&²vL`VX^huL`^o\NZjVX^h:O\N_WONÈ¦\^hONTWV/ S &¥_:YJV[ILOkXuGOOlVXONY[M
 W
 «X ¢
	yL¬¢4¡Xj£¯¢j¢L¡XP¬c¡]£ac£¬j¢ªy¡ Q,Q
s WvfZjVX^h_:T  ´ Q,^hkdly^ok[\Y[OVX^hÄNO;lÃ^hT kXufZ,\O!vfk^hTLifTL^`VXO±ly^*)8ONY[ONTf\NOka^`TÏVX^hMPOvfk^hTLiZjT OyuLh^h\N^ÅV
k[\eILOMaO,$S VxYXO;lyvf\O;kVX_
 O  AOT  /  O T  4	   T  $ T   O T  $ 
IfONY[O  T  Z:Tfl  T  lyONTf_jVXOVXILOFZ:`vfOkx_:  ZjTfl  ZjVtuL^`yONN?V=Xg 	 J^okVXIfOly^okX\NYXONVXOV[^`MPOakrV[ONugZ:Tfl  T  ^hkxZfTf^ÅV[Oly^ )8ONY[ONTG\O_:u/ONYeZV[_:Y;SUT1_:YelyONY¨VX_kXuGOOlmb vLuVXILOPhON,ON`b kXOVzZjhi:_:Y[^`VXILMgOvfkXOdZTGZjY[YX_ fZ:TflÌMPONVXIL_yl 8 :~>:&IL^o\eI
Y[O WvL^hY[OkuGOYX^h_yly^o\NZjY[ON^hTL^`VX^oZjh^`Ä;ZV[^`_,T_jVXIfO`O:ON`bUkONV\N_:TWVX_,vLY;
SUT_,Y[lyOYVX_\_:MPufZ:YXOZ,\]VX^h:O\N_:TWVX_,vLYekJVX_dhON,ON`b kXOVekNgG>O\N_:MPuLvyV[OOmVXOYXTGZj¥_,Y[\NOkxkX^`MP^hhZ:YVX_
O WvfZV[^`_,TÎ ´ WxZjVzlL^hk[\Y[OV[O\_,TWVX_:vfY¨,ONYXVX^o\Ok S^hYekrV;g>OvfkOaMPOZ:T\vfYXZV[vLY[OMP_jV[^`_,TÌlyOk[\Y[^hGO;l
^hTÌkXO\VX^h_:TÃ6QWZ:kxVXILOi:_,ONY[TL^`Tfia^hTWVXOYXTfZ:¥_,Y[\NO:HJILONTg/OIfZF,O^`MPuLhONMPOT,V[Ol¥_,YxV[ILOONWV[ONY[TfZj
¥_,Y[\NO:g/Z¦fZ:`h_m_:T¥_:Ye\O6Z¦\N_:TfkV[Z:T,Vt¥_:Ye\OZ:uLuLh^`O;l±Zjh_:TLiPV[ILO\N_:TWVX_,vLYtTf_:Y[MPZ:ON^`VXIfONY¤^`TmJZjYelLk_:Y
_,vyVrJZjYelLk[§ON^hi:IWVXO;l¦mdVXIfO\_mOÈ¦\^hONTWV/uLY[_:u/_,kXOl^`Tfi:vfYXOd4 ´ $HJIfONY[O¥_:Y[O:gyOz>OYXOzZjf`O¤VX_
vGkO¤VXIfOkXZ:MaOzi,Y[Z,ly^`OTWV>V[ILYXO;kIf_:ol^hTG_:VXIZjuLufYX_WZ:\eILO;kN
 C#	 .$'032  6
	 \/)
1OfYekrV$uLY[_:u/_,kXO&VX_z\_,MPufZjY[O>/_jV[IZ:uLuLY[_,Z:\eIfOk_:TV[ILOkmTWVXIfOVX^o\>^`MdZji,OkXIL_T^hTfi:vLY[Oz4:,]g_,T
V[ILOxhO¯V;$HJIf^hkB^hMdZji,OIfZ:k$Vr_ly^okrV[^`Tf\V>\_,TLTLO;\]VXO;ld\_,Mau/_:TfONTWV[kS V§JZ:k&_:yVeZj^hTLOlam^hTWVXONYekXO\]V[^`Tfi
ZQ Õ V[_:Y[vfk^`VXIÃZuLoZjTLOZ:k^h`hvfkVXYeZV[Ol1^`TÃ\NONTWVXOY^hMPZ:i:O, Õ vLOdVX_ÌufZjYXVX^oZj&,_:hvLMPOdO )8O\VgVXILO
i,Y[Z,ly^hONTWV&MdZji:Tf^ÅV[vflyOt^hMdZji,OtkIf_Td_:TdV[ILOtY[^`i,IWV§^hk>TL_:V>\_,Mauf`ONVXONhdlLZjY[­aTLOZ:Y&VXIfO¨\OTWVXONY>YXOi:^h_:T
S^hi:vLY[O,y³PSUMdZji:O^ÅV[IÃVr_Ì\_,TLTLO;\]VXO;lÃ\_,MPuG_,TLONTWV[k¥hO¯V]_,yV[Z:^`TfOlÍm^`TWV[ONYekO;\]VX^hTLiÌZ±VX_,YXvfk
^`VXIZauLoZjTLOd4\ONTWV[ONY]JZjTfl^ÅVeki:YeZ:lL^`OT,VJTL_,YXM MdZ:i:TL^`VXvflLO¦¥Y[^`i,I,V]]
® ly^okX\NYXONVXOz\_,T,V[_:vLY^ok>^hTL^`VX^oZjh^`ÄOlZjY[_:vLTfl¦VXILO¨Vr_a\N_:MPuG_,TLONTWVekZ,k§^hh`vfkVXYeZV[Ol^`Tfi:vfYXOa4jQW]g
hO¯V;$SUTV[IL^hk&OLZjMPuLhO:g:VXILOx\N_:TWVX_,vLY$^hk$Y[ONi,vLhZ:YX^hÄNO;l^`VXIdZz\vLY[ZV[vLYXO\N_:TWVX^hTmvL^ÅVr^`TWVXOYXTGZjm¥_:Ye\O,®
MPO;ly^`vfM i:Y[^olkX^`ÄOd6}auL^`mOhkJY[OkX_:hvyV[^`_,TG>^hkJvfkXOlZ:Tfl¦V[_:u/_:h_:i,¦\_:TGkrV[Y[Z:^`TWV[kJZ:YXO\_,MPuLvyVXO;lO:OYX
´ ~^`VXONYeZV[^`_,TfkHJILY[_:vfi:IL_,vyV&VXIfO¤lyON¥_:Y[MdZVX^h_:TdufYX_y\O;kXkgW:ONYXVX^o\O;k§Z:YXOtZ,lLlyO;l¦ZjTfl¦YXOMa_,OlaV[_IfZF,O
kX^hMa^hoZjYOlLi:Oz`OTLijV[I!Z:`_,TLiaVXILO\N_:TWVX_,vLY
HJILOP\_,YXY[OkXu/_:Tfly^hTLid^hTL^`VX^oZj`O:ON`bUkONV¨^ok¨kXIL_T^hT±fi,vLYXO4jQW]g\OTWVXONY;¨HJIfO^hYXY[ONi,vLhZ:Ytk,vGZjY[O
\N_:Y[TLONYekZ:YXO!lyvLOVX_Z±Y[_:vLTGly^`TfiZjufuLYX_Fy^hMdZVX^h_:TÍ_:xVXIfOhON,ON`b kXOVa^`TL^`VX^oZjh^hÄZV[^`_,TÎuLY[_y\O;lyvLY[O¦LvyV
V[ILON!ZjY[O WvL^h\e­mhY[ONi,vLhZ:YX^hÄNO;lZ:Tfl!IfZF:OTL_dO)/O;\]Vt_,T!VXILOlLO¥_:Y[MdZV[^`_,TuLY[_y\O;kXk>®uL^`yON^hlyO
WXWZYE[\]]^
Q:  a¬«Å£¯¢W W¬  ¬ ¢  j¢8E
TGZjY[YX_¿GZjTflZ:uLuGO;ZjY[OlVX_¦_,uyVX^hMP^`ÄOzVXILO\_:Tm,ONY[i:ONTG\O¨VX^hMaO,® )X  aVX^hMaOkrV[ONu^hktvfkXOl>S Vt^hkxVXILO
MdZjm^hMdZjZjhvLOz/ONh_°IL^o\eI!VXILOO:_:hm^`Tfia\NvLYX,O¨^okxkV[Z:L`O,
S^hi:vLY[OjQf³BSUTL^ÅV[^hZ:ly^okX\NYXONVXO\N_:TWVX_,vLY¥hO¯VegG^hTL^`VX^oZjhON,ON`b kXOV4\ONTWV[ONY]JZjTfl!hON:OÅbUkXOVTfZjY[Y[_¿fZjTGl
6YX^hi:IWV]]
S^hi:vLY[O¦4jWkIf_xkVXILO\N_:Tm:OYXi,ONTf\NOt_:V[ILOly^okX\NYXONVXO\_,TWVX_:vfY¥vLuLu/ONYt`^hTLO;xZjTflVXILO`O:ON`bUkONV
6G_:VV[_:M `^hTLO; Õ vLOdV[_±ly^*)/OYXOT,VYXOi:vLoZjY[^`Ä^`Tfi!\N_:TfkVXYeZj^hTWV[kgfTfZ:§kXIfZju/OkZ:YXO¦kXh^`i,I,V[`1ly^*)/OYXOT,V
^hTÌ/_jV[I\Z:kXOkzHJIfOaly^ok[\Y[OVXOa\_,T,V[_:vLYz\_,Tm:ONY[i:O;k^hT )X M kO;\_,TflLk¨_:uLu/_,kXOlV[_ X  F)kXO\N_:TflLkx¥_:YV[ILOhON,ON`b kXOV;gLV[IfZV¤^hk¤Z  X  ¦Z:\N\NONhONYeZV[^`_,T6Z,\]VX_,Yt^hT6ZF:_,Yx_jBV[ILOlL^hk[\Y[OV[O\_,T,V[_:vLY;xHJILO;kOV[^`MPO
MPO;Z:kXvLYXO;k>lL_TL_:V^hTf\N`vflLOzZ:TmPlL^hkXuLoZFduLYX_y\NOlyvLY[OkkX^`Tf\NO¨^`VJ>_,vLhli:Y[OZjVXhau/ONTGZjh^`ÄOtV[ILOz`O:ON`bUkONV
MPONVXIL_ylHJILOPly^*)/OYXOTf\Oa_j\_:MPuLvLV[ZV[^`_,TfZjVX^hMPO^okzlyvLOVX_VXILOdkXMdZjh,ONYXVXOTmvLMGOY¤vGkO;l¥_:Y
V[ILOlL^hk[\Y[OV[O\_,T,V[_:vLY!¥ZjY[m^`Tfi±GONVr>OONTÎQD±ZjTGl,},ONYXVX^o\Oke\N_:MPufZjY[Ol1V[_±V[ILOMvf\eIÃi:Y[OZjVXOY
TmvLMGOY_jBk^`VXO;k¯¥Y[_:M ´ I~ D vLu!V[_PQ I ´ ~,§vLu/lfZVXO;l!^`T!VXIfO`O:ON`bUkONVJTGZjY[YX_ fZ:Tfl
S^hi:vLY[Ozjf³ Õ ^hk[\Y[OV[O\_:TWV[_:vLY¥vfuLuGOYxY[_t>Z:Tfl`O:ON`bUkONV6G_:VV[_:M Y[_t>lyO¥_,YXMdZV[^`_,Tfk
 W
 «X ¢
	yL¬¢4¡Xj£¯¢j¢L¡XP¬c¡]£ac£¬j¢ªy¡ Q =
 C#ZY & '
	 ) ) ' 
 . 	 $ ',%2U.
®¨kMvf\eIÎZ,ku/_,k[k^hLhO:g$V[ILO!k[ZjMPOufZjYeZjMPOV[ONYFZ:`vfOk>OYXO¦vGkO;lVX_\_,MauGZjY[Oly^okX\NYXONVXO\N_:TWVX_,vLYek
Z:Tfl`O:ON`bUkONV[kPHJIfOV[^`MPO¦kVXOu1uGZjYeZjMPOV[ONYz^hkkXu/O\^`G\aV[_!hON,ON`b kXOVekZjTfl^hT1_,vLYzOyu/ONY[^`MPONTWVek^ÅV
Z:uLu/OZjY[OlaV[_/O¤ly^`È¦\vL`V§V[__,uyVX^hMP^`ÄO:§Ð¨TLh_,fkOYXm^hTLiV[ILOthON,ON`b kXOV§/ONIGZFW^h_:Y&¥_:YJly^ )8ONY[ONTWV&V[^`MPO
kVXOufkaZjh`_OlvfkV[_kXOVdZjTÃ_,uyVX^hMdZjJZjhvLO:Í®xokX_fg$¥ON ufZjYeZjMPOV[ONYekTLOOlyO;lVX_1/O!kXOV¥_:YaVXILO
lL^hk[\Y[OV[O!\N_:TWVX_,vLYaVX_:u/_:h_:i,ÍZjhi:_:Y[^`VXILM Rt_>O:OYg$V[ILOi:Y[^hlÏk^hÄNOZjTGlÍVXIfOVX_:u/_:h_:i,ÍZjhi:_:Y[^`VXILM
¥Y[O WvLOTf\ZjY[OMvG\eI±MP_:Y[O^`TWVXvf^ÅV[^`,OufZ:Y[Z:MaONVXOY[kJV[_kXOV¤kX^hTf\OV[ILONZ:YXO\N`O;ZjY[`!YXOhZjVXO;l!VX_¦uL^`yON
kX^hÄNOZjTflVXIfOTWvfM/ONYx_:^`VXONYeZV[^`_,Tfk
HJILOi:YeZ:ly^hONTWVJVXILY[OkXIL_,hl	^okx\N_:MPMP_:T!VX_d/_jV[I±ly^hk[\Y[OV[O\_,T,V[_:vLYxZ:Tfl!`O:OÅbUkONVMaONVXIL_ylLkSUT
V[IL^ok¨ONyuGOYX^hMPONTWV¤OaIfZF:OPkONV V[_!ZZjhvLOa_jW* M )fzHJIf^hkzZjhvLOa^hk¤IL^hi:IONTL_,vLi:IÌVX_KrfYXO;Zj­LVXILO\N_:TWVX_,vLYxV[ILY[_:vLi,IVXILOi:YeZ:ly^hONTWVtfZ:YXY[^hONYx/OVrONOTVXILOVr_\_,TLTLO\VXO;l±\_,Mau/_:TfONTWV[k¨LvyV¤^ÅVz^hk¤kVX^h`
h_DONTL_,vLi:I!VX_dufYXO:ONTWVx^`Vx¥Y[_:M OTWVXONY[^hTLidOZ,\eI\N_:MPu/_:TLOT,V; ¨k^hTLiZdkX`^hi:IWV[``_ONYZjhvLOkX`_xk
lL_Tfk¤VXILOdhON,ON§kXOVO:_,`vyV[^`_,T1Z:Tfl1krV[_:ufk^`V_:T1V[ILO¦\OT,V[ONYu/_jV[ONTWVX^oZj&GZjY[YX^hONYd6kXONOPGi:vLY[O4 = ]g
hO¯V]]Ð¨TVXIfO\_:TWV[Y[Z:YX,gW^`VXIZPkX`^hi:IWVXh¦IL^hi:IfONYZjhvLO:gLVXILOhON,ON`b kXOVx\_,TWVX_:vfYJ\NYX_WkXkXOk>V[ILOfZjY[Y[^`OY
Z:TflÃ\N_:Tm:OYXi,Ok¤VX_JZjYelLkzV[ILO\N_:MPu/_:TLOT,Vek^hTLTLOYY[ONi,^`_,Tfk¦¥fi:vLY[Oc = ]g$YX^hi:IWV]]ÌSUTÎuLY[Z,\]V[^h\NO:g$>O
¥_,vLTflVXIGZVVXIfOd`O:ON`bUkONVzO:_,`vyV[^`_,TJZ:kzuGZjYXVX^o\vLoZjY[`±kXONTGk^`VX^h:OaVX_ ¦ZjY[^hZjVX^h_:TfkÐ¨TÌV[ILO¦_jV[ILONY
IGZjTflgGlyvLOzVX_PV[ILOz¥_:Ye\O\N_:MPuLvyVeZV[^`_,TMPOV[IL_yl_jVXILOlL^hk[\Y[OV[Oz\N_:TWVX_,vLY^hMauf`m^hTLi¦ZP^hlLONYYeZjTLi,O
k[\NZ:TLTL^hTLiZjTGlV[ILOtly^*)8ONY[ONTWV§Y[ONi:vfhZ:YX^hÄN^hTLiz\_:TGkrV[Y[Z:^`TWVg:VXILO¨ly^hk[\Y[OV[Ox\_,T,V[_:vLYB^ok&Mvf\eIP`O;kXk>kOTfkX^ÅV[^`,O
V[_ ZjY[^hZjVX^h_:Tfk
S^hi:vLY[O = ³,ON,ON`b kXOVx\_,Tm:ONY[i:OTf\O¨^ÅV[IZaVX_m_P>O;Zj­Ì6`ON¯VeJ_,YxZV[_m_¦krV[YX_,TLi!6YX^hi:IWV] ufZ:Y[Z:MaONVXOY
Z:`vLO,
 C#	   3),Y   
HJIf^hkOyuGOYX^hMPONTWV[kkIL_xkdVXILOÌZ:L^h`^`VrÏ_:¨V[ILOlL^hk[\Y[OV[O±\_:TWV[_:vLYdV[_:u/_:h_:i,ÎZjhi:_,YX^`VXILM VX_Í¥_,`h_
lL^ÅÈ¦\vfÅVPVX_,uG_,`_,i:Ã\eIfZ:TLi:O;kNOvfkXOZkXmT,V[ILOV[^h\¥YeZ:\V[ZjJ^hMdZji:OkXIL_^`Tfi1ZTmvLM/ONYd_:¨kMdZ:`
\N_:TLTfO\]V[OlÍ\N_:MPuG_,TLONTWVekN S^hi:vLY[OÌcD,kIf_xkzVXILOly^okX\NYXONVXO\N_:TWVX_,vLY\N_:Tm:OYXi,ONTf\NOd^`TÍV[ILO^hMdZji,O
If^`hO¤fi:vLY[Od4UIjJkXIL_xk>VXILOhON,ONkXOVx\_,TW,ONY[i:OTf\O,
WXWZYE[\]]^
QD  a¬«Å£¯¢W W¬  ¬ ¢  j¢8E
S^`i,vLY[ODL³ Õ ^hk[\Y[OV[Oz\N_:TWVX_,vLYx\_,Tm:ONY[i:OTf\O¨^`TZa¥YeZ:\]VeZj8^hMPZ:i:O,
S^`i,vLYXOUIm³ O:ON`bUkONVJ\N_:Tm:OYXi,ONTf\NOt^hTZ¥YeZ:\V[Zj^hMdZji,O:
 W
 «X ¢
	yL¬¢4¡Xj£¯¢j¢L¡XP¬c¡]£ac£¬j¢ªy¡ Q I
SUTaG_:VXIa\NZ:kXOkgFVXIfO>^hTL^`VX^oZjy\_,T,V[_:vLY^okZ¤k,vGZjY[O§h_m\ZV[OlZjVV[ILO^`MdZji,O>/_:YelyOYS VBO:_:h:O;kvLTGlyONY
ZlyOM/ZVX^h_:TÌ¥_:Ye\OVXIfZjVzkVX_,ufk¤_:TÌkVXY[_:Tfi^hMPZ:i:OaG_,vLTflLZ:YX^hOkSL_,Y¨V[ILOPly^hk[\Y[OV[Oa\N_:TWVX_,vLY;g8ZkMdZ:`
i,YX^ol1k^hÄNO¦^okvfkXOllyvfOdVX_V[ILOkXMPZ:`§^`MdZji,O¦krV[YXvG\]VXvfYXOdkX^`ÄO±¥±uL^`yONoki:Y[^ol1kX^hÄNO¦ZjTGl = ^`VXOY[ZjVX^h_:Tfk
Z:`i,_:Y[^ÅV[ILM ¥YXO WvLONTf\NL]Ï® OZ:­ÍYXOi:vLoZjY[^`Ä^`TfiÌ\_,TfkrV[Y[Z:^`TWVPZjh`_xkVXIfO\N_:TWVX_,vLYVX_ÍkOi:MPONTWVaVXILO
kWvfZjY[Oz\_:Y[TLOY[kHJIfO\_:TWV[_:vLYJ^ok\eILO\e­,OlON:OYX%*D)a^ÅV[ONYeZVX^h_:TGk§V[_¦Z:lLlVXIfOTLO\NOk[kXZ:YXd,ONYXVX^o\Ok
® )X  VX^hMPO±krV[ONu ^hk¦vfkO;lÃ¥_,YPVXILOhON,ON`b kXOV; HJIL^hkPIf^`i,I Z:`vLOhOZ,lLkaVX_ÃZ1YeZVXIfONYPvLTfkV[Z:L`O
/ONIGZFW^h_:YZ,k\NZjT!/OkOONT!^`T!fi,vLYXOdcIjB®tkJV[ILO`O:OÅbUkONVJ\N_:TWVX_,vLYek>i,Y[Z,lyvfZ:`hPfhhkbc^hTVXILOIL_,`O
^hMdZji,O:g>O¦IGZF:Od:OYX^`fO;lÌV[IfZVVXILO!\_,TW,ONY[i:OTf\OaVX^hMPO¦^okTL_:VMP^`Tf^`MP^hÄNOlÃW1vfkX^`TfiÌZjTmÌTGZjY[YX_
GZjTflLk
S^hi:vLY[O4:},JkXIL_xkJV[ILO\_,MPuLvyV[ZjVX^h_:TfZ:VX^hMPO¥vLTf\VX^h_:TÌZ,kxZP¥vLTG\]VX^h_:T_:$VXILOTmvLMGOYt_:^`VXOYb
ZjVX^h_:TfkJvfT,V[^`VXILO\N_:TWVX_,vLYxZjTflVXIfO`O:ON`bUkONV\N_:Tm:OYXi,O:$HJILOhON:OÅbUkXOVx\_,TW,ONY[i:OTf\OtVX^hMaO^okh^`TfOZjY
If^`hOzVXILOlL^hk[\Y[OV[O\_:TWV[_:vLYxkX`_xklL_T!Z,k:OYV[^h\NOkZjY[OZ:lLlLOl Rt_>O:OYgWVXIfOly^okX\NYXONVXO\_,T,V[_:vLY
\N_:Tm:OYXi,OkZjhMP_,kV¥_,vLYJVX^hMPOkJ6Z,krV[ONYVXIGZjT!VXILOhON,ON`b kXOVMPOV[IL_yl
initialization convergence
0.0
5.0
10.0
15.0
20.0
25.0
30.0
tim
e 
(s
ec
on
de
s)
levelset
discrete contour
S^hi:vLY[Oz:}L³ O:OÅbUkONV¯¥vLhh^`TLOFJZjTflly^ok[\Y[OVXO\N_:TWVX_,vLY6lLZ,kILO;l!`^hTLO;J\N_:Tm:OYXi,ONTf\NOxV[^`MPO:
 C#
   )3,. \  	  $)X2
S^hTfZjhh:g:OxkXIL_ ZzMPO;ly^h\ZjL^hMdZji,OxkOi:MPONTWV[ZjVX^h_:TaOLZjMPuLhOvfkX^`TfiG_:VXI¦ZjufuLYX_WZ:\eILO;kNXS^hi:vfYXOc D 
kXIL_xkZtly^okX\NYXONVXO§\N_:TWVX_,vLYlLO¥_:Y[MdZV[^`_,T^`TaZx:OYV[ONLYeZ %HbUkX\ZjT^hMPZ:i:O,HJILO\_:TWV[_:vLY^hkYXO;kXZ:MPuL`O;l
Z:TflV[ILOV[_:u/_:h_:i,!Z:`i,_:Y[^ÅV[ILM ^ok¤ZjuLuLh^hOl±O:OYX = ^`VXOY[ZjVX^h_:TfktS V\_,TW,ONY[i:O;kJ^`T  X ¦kXO\_,TflLk¨HJILO
\N_:Y[YXO;ku/_:TGly^`TfiakXONi,MaOTWV[ZV[^`_,Tvfk^hTLi¦ZPhON,ON`b kXOVx^oktkXIL_T^`TGi:vLY[Od6Q:~W]J®!)X VX^hMPOkVXONuZ:`vLO
Z:TflZakVXY[_:TLi^`T M/ZVX^hTLi¥_:Ye\OzZjY[OtvfkXOlVX_PkXuGOOlmb vLuVXILOz\_,TW,ONY[i:OTf\O,HJILOlyON¥_:Y[MPZjVX^h_:T¦ufYX_y\O;kXk
^okvLTfkV[Z:L`O¤LvyVxZ:`MP_,kVkV[Z:L^h`^hÄNO;kNBHJILO¤^`TGkrVeZjL^h`^`VX^hOkJ\ZjvfkXO¤Zly_:vfL`OkXONi,MaOTWV[ZV[^`_,T¦_jVXILO¤^`TfTLONY
WXWZYE[\]]^
Q,}  a¬«Å£¯¢W W¬  ¬ ¢  j¢8E
Z:TflVXILO_,vyVXOYx\_,T,V[_:vLY_:V[ILO:OYV[ONLYeZL&HJIfO^`MdZji,OzG_,Y[lyOY^hktZjok_dkXONi:MPOT,V[Ol!lyvLOzV[_d`O:ON`bUkONV
vfu/lLZjVXOMPOV[IL_yl!G_,Y[lyOYJO )8O\]VekN&HJIfO\_:Tm,ONY[i:ONTG\OxV[^`MPOz¥_,YJVXILOhON,ON`b kXOV^ok M X kXO\N_:TflfkN
S^`i,vLY[O D ³ Õ ^hk[\Y[OV[O\_:TWV[_:vLY\_,Tm:ONY[i:OTf\O¨^`TZa:OYV[ONLYeZ %Hb k[\NZ:T^hMPZ:i:O,
    (
1OJIfZF:O>^`TWV[YX_ylyvf\NOlVXILY[ONOJ\_,T,V[YX^hLvyV[^`_,TfkYXOhZjVXOlVX_z\_,T,V[_:vLY$ly^okX\NYXONVX^hÄZjVX^h_:TgY[ONi,vLhZ:YX^hÄZjVX^h_:TgFZjTGl
V[_:u/_:h_:i,¦\eIfZjTLi,Ok O/ONh^hON:OzV[IfZVV[ILOkXOzVXIfYXOOZjhi:_:Y[^`VXILMdki:Y[OZjVXh¦^`MPuLY[_:O¨VXIfOi:OTLONYeZjh^ÅVrd_:
uGZjYeZjMPOV[YX^o\Z,\]VX^h:O!\_,T,V[_:vLYekIL^`hOuLY[OkXONY[W^hTLiÌVXILO^`Yd\_,MPuLvyV[ZjVX^h_:TfZ:JOÈ¦\^hONTf\N:TSfvLYXVXILOYXMP_:Y[O:g
V[ILOkXOxZjhi:_,YX^`VXIfMPkBZ:YXO\N_:TWVXY[_:h`O;lmak^hMPuL`OtufZjYeZjMPOV[ONYekVXIfZjV>ZjY[OJOZ:kX^h`vLTflyOY[kVX_m_ylaWVXILOtvfkOY
Sf_:YV[ILO¦^hT,V[ONY[TfZj&¥_:Ye\O:gVr>_uGZjYeZjMPOV[ONYekkIL_,vLol/OkXOV;!HJILOPGY[kVufZ:Y[Z:MaONVXOY T MvfkVGO
\eIf_,kXONTaGONVr>OONTd~ZjTfl ´ ^okBvfkXOlVX_kXOV§VXILOxZ:Ma_,vLTWV&_jkMP_m_jV[IL^hTLifO\NZ:vfkXO>V[ILOxY[OkXvL`VX^hTLikIfZ:uGO
_,TLhPlLONu/ONTflLk_,T¦VXIfO¨YeZV[^`_ T U  T gm>O¨_j¯V[ONTkXOV/ T V[_ *FX )ZjTfl\eIL_,kXOxV[_MP_yly^Å¥2 T ^`TfkVXO;Z:lBHJILO
kXO\N_:Tfl±ufZjYeZjMPOV[ONY¤^hk¨V[ILOalLO¥_:Y[MdZV[^`_,TÌkX\ZjhOufZ:Y[Z:MPOVXOY  T VXIfZjVz^okzZjT±^hTWVXOi:ONY¨VXIGZVGO`_,TLi,ktVX_
 W
 «X ¢
	yL¬¢4¡Xj£¯¢j¢L¡XP¬c¡]£ac£¬j¢ªy¡ Q D
S^`i,vLYXOQ,~L³ O:ON`bUkONVJ\N_:Tm:OYXi,ONTf\NOt^hTZa,ONYXVXONfY[Z %Hb k[\NZ:T^hMdZji,O:
WXWZYE[\]]^
W~  a¬«Å£¯¢W W¬  ¬ ¢  j¢8E
V[ILO¤Y[Z:TLi:O' *FXXJX .MU
:+ SUT!i:OTLONYeZjcg,Oz\eIL_m_,kXOtZZ:`vLO¤_j ´  ILONTVXIfO¤lLZjV[Z^hkJkXufZjYekXOt_:YILOT
V[ILO\_:TWV[_:vLYaYXO;k_,`vLVX^h_:TÃ^okai:Y[OZV[ONYVXIfZ:TÃVXIfOGTLOkVahON,ONJ_j¤lyOVeZj^hY[O WvL^hY[OlgBO^hTf\NYXO;Z:kXO¦VXIf^hk
Z:`vLO,NBmOVXVX^hTLiV[ILOdOmVXOYXTGZj$¥_:Ye\OPufZ:Y[Z:MPOVXOY T VrmuL^o\NZ:`hÌlyOuGOTflLk_,TV[ILO¦\_,TyGlyOTf\OP^hTVXILO
lfZV[Z,kONVHSL_,YY[OkX_:hvyVX^h_:TÍZjTGl1VX_:u/_:h_:i,\N_:TfkVXYeZj^hTWVZjhi:_:Y[^`VXILMdkgly^okrVeZjTf\NO¦ufZ:Y[Z:MaONVXOY[kzMvfkrVaGO
ufYX_m^olyOlaZ:k§>O`fZ,k$VXIfO¥YXO WvLONTf\NaZjV&IL^o\eIPVXILOaZ:uLuLh:$Q¤^`,ONTdZjTd^hMdZji,O:g:Z:`fVXILO;kOxuGZjYeZjMPOV[ONYek
\ZjT!GO^hTWVX^oZjh^`ÄOl!ZjvyV[_:MdZV[^h\Zjh`¦VX_PMPOZjTf^`TLi:¥vLZjhvLO;kJuLYX_m^oly^hTLii,_m_mlY[OkXvLÅVekJ^`TMP_,kVx\NZ,kO;kN
S^hTfZjh`,gF>OBIfZF,OB\_:MPufZ:YXO;lxV[ILO&ONÈd\N^`OTf\¨_jmVXIf^hkZ:uLuLY[_,Z,\eI¨^`VXIzV[ILO&hON:O:kXOVMPOV[IL_ylHJILO;kO
ONyuGOYX^hMPONTWV[kPkXONONM V[_Í\_:TG\hvflyOVXIfZjVP_,vLYdZjuLufYX_WZ:\eIÍ^okdZVP`O;Z:kVVr^o\OZ:k6Z,krVdZ:kVXIfO!^hMPuLh^h\N^ÅV
^hMPuLhONMPONTWV[ZjVX^h_:T®x/_:OZ:`cg$>O¦/ONh^hON:OVXIfZjVV[ILOMP_,kV^hMPuG_,YVeZjTWVaZ,lyZjTWV[Z:i:Od_jufZ:Y[Z:MPOVXY[^o\
Z,\]V[^`,Oz\N_:TWVX_,vLYek>^okVXIfON^hYxvfkXONYJ^`TWV[ONYeZ:\]V[^`m^`Vr:
 x
8 ´ : Qa®tvL/ONYXVZ:Tfl §>oZjTG\]bSnY[Z:vflBm_:MPOPwONMdZ:YX­yk¨_:T±V[ILOds WvL^hFZ:`OTf\Oa/OVrONONT Õ ZjTGl
Q Õ %>oZ:k[k^o\NZ: BmTfZ:­:OkZ:TflHQ¤ON_ylyO;k^o\®\]V[^`,O%>_:TWVX_,vLY[k ¢U¬¡]¢8Ec£¢/j«ªy¡]¢8«9 3/ª  ¬N¡
;£ ]£¢GgGQj/ ´ ]³ =/´ Img BmONuLV ´D$D$D 
8 E:²Í bÐ OYXi,ONY¨Z:TflÌw8²_,ILY;zH_JZjYelLkx®xvLVX_:Tf_:M^hT®\VX^h:O %>_,TWVX_:vfY¤²_ylyOhkzSUT ]¢ ¬N¡
	
¢8Ec£¢8« $¢¬N¡X¬N¢ e¬¢U¬N¡]¢ ¨¬ [ j¢G£4£j¢ 1  
FguGZji:O;kx}j I  } =y´ gL®VXoZjTWVX^o\%>^`Vr:g
 By®g ´DD ~L
8 Q:f _:^okXkX_:TLTGZVZ:Tfl ¤Q¤ON^hi:OYWHJILYXOOlL^`MPONTGk^h_:TfZ:,Y[O\N_:TfkVXY[vf\VX^h_:T_j/\_:MPuLhOkXIfZju/OkfZ,kO;l
_,TV[ILOlyONoZjvfTfZFzVXY[^hZ:TLi:vfhZjVX^h_:TmSUTPwj®\eIfZjY[,ZtZjTfl Õ Q¤_,hlLi:_jrgO;ly^`VX_:Yekg  [©L$¢¬N¡X¬N¢ e¬
j¢x£Ed¬ 	j£e« dN W¬¡ ;e¬]£¯¢W !¢
	x£Ed¬ 	j£e« £ ]ªf« £;Ec£¢Ggf,_:hvLMPO ´D ~ = g BLZjT!:_,kXO:g
%®gSLO ´D$D Qf
8 :"! %Z:kXONh`O;kNg¤wC?z^`MPMPONcgzZjTfl QaCBLZjuL^hYX_G Q¤ON_ylyO;k^o\®\VX^h:O %>_:TWVX_,vLYekN# ]¢ ¬N¡]¢/4£j¢/j«
$jªy¡]¢/«  $EGGª U¬¡£ ]£¢GgG:f ´ ³ D ´
 I D g ´DD Im
8 = : Õ ,%>If_:uLuZjTflÍf BmOV[IL^oZjT²_:VX^h_:T1m±^`TWV[YX^hTfkX^h\PoZjuLoZ:\N^hZ:TÌ_:J\NvLYXZjVXvLY[O:% ]¢ ¬N¡e¬dj¢ 	
&¡X¬e¬"3jªy¢ 	:j¡]£6¬]g ´ ³ ´
/´ }Lg ´DD$D 
8 D:zS] %>_:ILOTg& %>_,ILONTgmZjTGl +,®$WZ:\eILO, ¨k^hTLi Õ O¥_:Y[MdZjLhOGBmvfY6Z,\OkBVX_ BmOi:MPONTWV>Qjb Õ SUMdZ:i:Ok
Z:TflSUTy¥ONY Õ ^ )8ONY[ONTWV[^hZ:9BmVXY[vf\]V[vLYXO;kN $EGGª U¬¡'£ ]£j¢ (J¡X,£ zj¢ 	% P ,¬)¡ ;[¬]£¯¢W +*
 P ,¬,¢ 	:¬N¡ j¢ 	j£¯¢W :g = DG4:³ jW  D,QLgByONuyV; ´DD y
8 I>:'§ %>_,ILONTxÐ¨T±®\]V[^`,O%>_:TWVX_,vLY¨²_ylyOhk¨ZjTfl JZjhh_W_,Tfk3$EGGª U¬¡-£ ]£¢ (J¡X,£ j¢ 	
 P ,¬.¡ Ve¬ ]£¯¢m */ dN W¬0,¢ 	,¬¡U¢
	£¯¢W :g = Qf4,]³  ´,´
  ´ }fgW²Z:Y ´DDL´ 
8 }:R Õ ONh^hTLi:ONVVXO,±SUTWVXY[^`TGk^o\¦kV[Zjf^`h^`ÄONYek_:JufhZ:TfZjYa\vLY[:O;kNSUT21:¡ 	!©Jªy¡ L¬e¢ $¢¬N¡X¬N¢ e¬H¢
$3/ª  ¬N¡£ ]£¢36©  " 54g
BWV[_y\e­WIf_:hM!gBy>O;lyONTgf:vLTLO ´D$D f
8 D :ffs&k[\eILOYg G²ZF,ONY;gLZjTfl Qa Bm^hMP_:TLONVV;§HJILOkXvLY6Z,\Oly^*)/vGk^h_:T Mf_E¥_:Y^hMPMaOY[kXOl!ImmuGOYb
kXvLYX6Z:\NOk  76 8$ªy¡]¢8«Xj¢ ÌEm¬dEc£[j«96¨¢8« >]£ ]g/ D DW]³ ´  ´D:8´ WQ:QLg ´D$D }L
 W
 «X ¢
	yL¬¢4¡Xj£¯¢j¢L¡XP¬c¡]£ac£¬j¢ªy¡  ´
8 ´ ~:²Í QzZji,O:Ð¨TZ:T±ZjY[OZauLY[OkXONY[m^`TLiaON,_:hvyVX^h_:TO ,vGZVX^h_:T!¥_,YxuLoZjTLO\NvLYX,Ok $ªy¡]¢8«X $¢ 	
U¬3¡Xj¡ ÌEm¬P4£]g =L´ ³ =y´
 D,Lg ´D }Df
8 ´:´ :BQ¤vLTLTZjTfl!² +x^`y_:T$®DYX_,LvfkVJkXTfZ:­:O¤^`MPuLhONMPONTWVeZVX^h_:T1³BZlLvfZjZ,\]VX^h:Oz\_,TWVX_:vfY  X©&©&©
 L¡Xj¢N4£j¢j¢yU¬N¡]¢1¢8« >]£ j¢ 	d,£¯¢8¬£¯¢U¬«¯« £Å W¬N¢ e¬g ´D  ´ ³ D,Q  D:}LgNqZjT ´DD Iy
8 ´ E:f+RxvLiGg
%¨YXO;\eIWfvLILhONY;g8Z:Tfl(Qa BmÄON­,ONh:HZjMPOlkTfZ:­:O³¤® ufZjYXVX^o\hOPkykVXONM ¥_,YzYX_,LvfkV
kXONMP^`b Z:vyVX_,MdZVX^o\PkOi:MPONTWVeZVX^h_:TSUT %¨HZFWh_:YzZjTGl1® %>_:o\eILOkVXOYgOly^`VX_,Y[kg 8¬¢
	% ]¢ ¬N¡
	
¢8Ec£¢8«C j¢¬N¡X¬N¢ e¬ ¢ ±¬	j£[j«  dN W¬ 3/ª 4£¯¢m 1j¢ 	$EGGª U¬¡
	E ]£ U¬ 	£¯¢ ¬N¡F¬N¢c£¢
      6      Fg/TmvLM/ONY ´ DUI D ^hT& + %FBgLufZji,Ok ´ ~D 8´:´;= g %Z:MLY[^olyi:O,gmkXONu ´DD$D  ByuLYX^hTLi,ONY;
8 ´ Q:QaURxvL^okX­:ONT/HJILO,_:hvLMPOuLY[OkXONY[W^hTLi¤MPOZjTd\NvLYXZjVXvLY[OFMf_ $jªy¡]¢/« t¬N£¯¢/¬/6¨¢W W¬  @ÌE @hg
Q,},L³ Q = W}Lg ´D } Im
8 ´ :fjSUm^hTfk&ZjTGlPfjp_:Y[YX^hh4/®\]VX^h:OJY[ONi,^`_,TMP_ylyONok$¥_,Y&kOi:MPONTWVX^hTLi¤VXONmVXvLY[Ok&Z:TflP\_,`_,vLY[k  dN W¬
j¢ 	 £ ]£¢ $EGGª c£¯¢W :g ´ QG = ³ WQ ´  ,Q,}LgNqrvLT ´D$DU= 
8 ´;= :²Í>?Z,kXkg®  ^`VX­m^`TgjZjTfl Õ HONY[ÄN_:u/_:vf`_WkNByTfZj­,Ok³®\]VX^h:O%>_:TWVX_,vLYB²_ylyONokN ]¢ ¬N¡]¢/4£j¢/j«
$jªy¡]¢/«  $EGGª U¬¡£ ]£¢Gg ´ ³ Q, ´
 Q,Q ´ g ´D }:}f
8 ´ D: ¤ ?z^hMP^hZfg®HZjTLTLOTmfZjvLMgZ:Tfl(B  /vf\e­:OYPÐ¨T±VXIfOaO:_,`vyV[^`_,TÌ_:\vfYX,Ok¨W^oZ!Z¦¥vLTG\]VX^h_:T
_:>\vfYXZV[vLY[O^c/VXILOd\oZ:k[kX^h\Zj\Z:kXO: $ªy¡]¢8«9 ÌEm¬P4£ej« 6¨¢/j« >]£ dj¢ 	%6<G« £e4£j¢]g
´ D:Qf³ WQ:}   = }Lg ´D$D L
8 ´ I>:f brÐ Z,\eIfZjvfl Z:Tfl{®²_,TWV[ZjTm,ONYXV Õ O¥_:Y[MdZjLhOÎMPO;kILO;k±^`VXI ZjvyV[_:MdZV[OlDVX_,uG_,`_,i:
\eIGZjTLi,Ok¥_,Y\N_,Z:Y[kXObcVX_:b4fTfO$VXILY[ONONb ly^hMPONTfkX^h_:TfZ:WkXvLYX6Z:\O§OmVXYeZ:\VX^h_:T ±¬	j£[j« dN W¬6¨¢8« >]£ ]g
QG4,]³ ´ }UI  :~UImg ´DD$D 
8 ´ }: SON^`VXTLOY&ZjTflPp %>^hT WvL^hT %>_,Mauf`ONH_,uG_,`_,i:Q Õ _:yqrO;\]V[k$ByONi:MPOT,VeZV[^`_,TLSUT5 [©L$¢@
j¢ 6G	E¢
[¬ £¯¢ ¢U¬«¯« £Å W¬N¢ 3  4£ > ¬egy,_:hvLMPO ´ D:~ D g _,kVX_:Tg +x_8 ´DDL´ 
8 ´D :B _:fYXOijVdZjTfl¸²!t^hONY[i:O:OYÃ® ly^okX\NYXONVXOlymTfZjMP^o\\_:TWV[_:vLYaMP_mlLONc3 X©§©&©  y¡[¢@ ¢
Ì¬	£ej«9 P j£¯¢m jg ´ G ´ ]³ ´   :QLg ´D$DU= 
8 j~:zw²ZjhoZ:ly^cgL ByOVXIf^hZ:TgZjTGl ¤!BONMvLY[^4BmIfZ:uGO¦²_ylyO`^hTLi^ÅV[I SfYX_,TWVp&YX_,ufZjiWZVX^h_:TÎ³z®
ON,ONBmONV§®xuLufYX_WZ:\eI  [©&©&©  y¡Xj¢Nc£¢Gj¢ U¬N¡]¢ 6¨¢/j« >]£ ¨¢
	 Ì,£¯¢8¬  ]¢ ¬N«¯« £Å W¬¢
[¬Ng
´ Iyc:]³ ´;= } 8´ IFGg ´D$D= 
8  ´ :zHz$²\SUTfONY[TLONZjTfl Õ HONY[ÄN_,uG_,vLh_,kH_:u/_:h_:i:^o\NZ:`h±Z:lfZjuyVeZjLhO¦kTGZj­:O;kN!SUT  ]¢ ¬N¡]¢/4£j¢/j«
$j¢¬N¡X¬¢
e¬(j¢ 93/ª  ¬N¡ £ ]£¢   1      FgJufZ:i:O;ka}:,~  }j = g %ZjMLYX^olyi,O:g  By®g>:vLTLO
´D$DU= 
8 :E:zHzB²\NSUTLONY[TLON1ZjTfl Õ $HOYXÄ_:u/_:vLh_,k Õ O¥_,YXMdZ:L`OMa_ylyOhk^`TÍMPO;ly^h\Zj>^`MdZji,OZjTGZjhmkX^okN³Z
kXvLY[:O/ Ì¬	£e«9 dN W¬.6¨¢/« >e£ ]g ´ 4,]³ DL´
8´ ~,}Lg ´D$D DL
8 jQ:B²OTLOV;g$p ByZj^hTWVbr²ZjYe\jgZjTfl Qa$²Oly^h_:Tf^4®\]V[^`,O¦\_:TWV[_:vLYMP_ylyONok³PÐ¨:OYXm^hONg^`MPuLhOb
MPOT,VeZV[^`_,T Z:TflÏZ:uLuLh^h\ZV[^`_,TfkN3 X©&©&©  L¡Xj¢@ ¢ >U¬  Ì¢Ej¢ 	   [¬¡]¢8¬c£egufZ:i:Ok
´D  /´DD g ´DD QL
WXWZYE[\]]^
m  a¬«Å£¯¢W W¬  ¬ ¢  j¢8E
8 : Õ /²OV[ZjLZ:kZjTGl Õ fHONY[ÄN_,uG_,vLh_,k %>_:TfkVXYeZj^hTLO;l Õ O¥_,YXMdZjf`O BmvfuGOYWvfZ,lyYX^o\NkZ:Tfl!TL_:TfYX^hi:^ol
²_jVX^h_:THYeZ:\e­m^hTLifGSUT  ]¢ ¬N¡]¢/4£j¢/« $¢¬¡X¬N¢ e¬ j¢93/ª  ¬N¡ £ ]£¢Ì¢
	.E  ¬N¡]¢ t¬X  	
¢G£4£j¢  "9 0   gGufZji,OkQ:Q I  Qj,QfgW²Z:vL^cgRtZFJZj^cgfjvLTfO ´D$Df´ 
8  = : +jp$ZjYeZji:^h_,kZjTflw Õ OYX^o\eILO,m® p Õ s$b fZ:kXOl O:ON`b/BmOV$®xuLuLY[_,Z,\eI¥_:Y Õ OVXO;\]V[^`_,TaZ:TflHY[Z,\e­Wb
^hTLi_jJ²_m^`TLiÐ¨yqrO\V[kSUT  ]¢U¬N¡]¢/Ec£¢8« $¢¬¡X¬N¢ e¬ ¢ $EGGª U¬N¡-£ e£j¢    " 
g
uGZji:O;k ´:´ Q D:8´:´  = g >_,MfZF,gmSUTfly^oZLg ´D$D }f
8 D:Qa/pB^o\^hTW/_:Tf_f²_mlLKNhOi:nN_,MPnVXY[^,vfOzlLO\_,T,V[_:vLYxlLn¥_:Y[MdZjLhOz^`MPuLh^o\^`VXOu/_:vLYthZdkXONi,MaOTWV[Zb
V[^`_,TOVxoZakX^hMvLoZV[^`_,T&²Z:kVXOY  kVXILO;k^okgyvLTL^h:ONYekX^ÅV[nzlLO +x^o\Ob/Bm_,uLIL^oZ®tT,V[^`u/_:h^okNg ´D$D Im
8 I>:f BmONVXIL^oZjT ¬¬« 8¬ Ì¬ V	E*±©<E« £¯¢m  ]¢ ¬N¡e¬!£¯¢ (x¬Ed¬4¡ "&§« ªy£	 ±¬mj¢f£ 
$3/ª  ¬N¡£ ]£¢Í¢
	 ÌEU¬N¡]£6« G+£6¬N¢ e¬N %ZjMfYX^olyi:O tTL^`,ONYek^`Vr¦pBY[Ok[kNg ´D$D DL
8 j}:QaHZjvLf^`T %>vLY[:OZjTflkXvLYX6Z:\NO>kXMa_m_:VXIL^hTLit^`VXIf_:vyVBkIfYX^hTL­Zji,O::SUT    "   gjufZ:i:O;k} =   } = Iyg
´D$DU= 
8  D : R b?P  8IfZj_GgfHz %>IfZ:Tg ¤8²ONY[YX^hMdZjTgGZjTflHB8Ð¤kILOYJ® ZjY[^oZVX^h_:TGZjhON:OkXOV¨Z:uLuLY[_,Z:\eIVX_
MvL`VX^huLIfZ:kXOMP_jV[^`_,T/$ jªy¡]¢/j«X $EGGª UEc£¢8«1>]£eg$ ´ I:]³ ´ I D /´D= g ´D$D DL
 W
 «X ¢
	yL¬¢4¡Xj£¯¢j¢L¡XP¬c¡]£ac£¬j¢ªy¡ WQ
  x
  ¹/ À º Æ j;· À ¹ 
´  ´ p&YXOW^h_:vGk _,YX­ zzz¤zzzz¤zzzz¤ Q
´   %>_,TWVXY[^`LvLVX^h_:TfkÍzzzz¤zzzz¤zzzz¤ 
  ·¥;j ¶ ·,y· À ¹ À xP:· 
 ¶1¾À ¹/ À/Æ  
L ´ p$Z:Y[Z:MaONVXY[^h\'%>_:TWV[_:vLY Õ O¥_,YXMdZV[^`_,T zzzz¤zzzz¤ =
L  Õ ^okX\NYXONVXO%>_:TWV[_:vLY-Q¤ON_,MPOVXY[ ¤zzzz¤zzzz¤ D
L Q p$Z:Y[Z:MaONVXOYX^hÄZjVX^h_:T %>_,TWVXY[_: z¤zzzz¤zzzz¤ I
L  tTL^`¥_:Y[M !BONYXVXON BmufZ,\^hTLi z¤zzzz¤zzzz¤ D
L = %>vfYXZV[vLY[O JZ,kO;l !BOYV[O BmuGZ:\^hTLizzzz¤zzzz¤ ´ ~
L D wxOkXvLÅVek_j !BONYXVXON BmufZ,\^hTLi %>_:TfkVXYeZj^hTWV[k zzz¤zzzz¤ ´,´
L I %>_,TWVX_:vfYxwOkX_:hvyVX^h_:T %>_:TWV[YX_,¤zzzz¤zzzz¤ ´ 
 »¼f½ ¶ Ç ¶mÊ8ÆÁ y·:y;· À ¹  
Qf ´ p&YXOW^h_:vGk _,YX­ zzz¤zzzz¤zzzz¤ ´ 
Qf  %>vfYXZV[vLY[O Õ ^*)/vfkX^h_:TwONi,vLoZjY[^`Ä;ZVX^h_:TÂzzzz¤zzzz¤ ´>=
 ÉÀ ½ ÀGÁ¥À/ÊGË¸¾À ¹NL·6¹/; 	
G ´ Õ ZVeZBWVXY[vf\VXvLY[O¤¥_:YJVXIfO Õ ONVXO\VX^h_:T_j %>_:TWVX_,vLYSUTWVXOY[kXO\VX^h_:Tfk zzz¤Ö ´
G  S^hTfly^hTLidSUTWVXOY[kXO\VX^hTLiQ¤YX^ols§lyi:O;kJ¤zzzz¤zzzz¤Ö ´
G Q ®tuLuLhm^`TLi¦H_:u/_:h_:i,^h\ZjÐ¨u/ONYeZVX_,Y[kx¤zzzz¤zzzz¤Öj
G  p&YXO:ONTWV[^`TLiaV[ILO SLvfkX^h_:T!_j %>_:TLTLO;\]V[Ol&%>_:MPuG_,TLONTWVek ¤zzzz¤Öj
G = SUMdZ:i:O _:YelyONYekzzz¤zzzz¤zzzz¤ÖD
 Ç ¶  ÆÁ  	

=  ´ ®tvyVX_,MdZVX^o\H_:u/_:h_:i:¦®lfZjuyVeZVX^h_:T zzzz¤zzzz¤Ö:}
=   s&:_:hvyV[^`_,T_: %>h_,kXOl!ZjTflÐ¨u/ONTLO;l&%>_,TWVX_:vfY[k!zz¤zzzz¤Ö D
=  Q ²Oly^o\NZ:SUMPZ:i:Os$LZjMPuLhO z¤zzzz¤zzzz¤Ö D
 ¾À 	 ½y·¥ À ¹ Ô ·¥;¼ ;¼ ¶  ¶ 
 ¶mÁoÓ  ¶  µ ¶ F¼ À º  
Df ´ ON,ON`b kXOVSUMPuLhONMPONTWV[ZjVX^h_:T z¤zzzz¤zzzz¤%QW
Df  H_:Y[vfks$LZ:Mauf`O%zzz¤zzzz¤zzzz¤%Q,Q
Df Q p$Z:Y[Z:MaONVXOY%>_,MPufZjY[^hkX_:T1zz¤zzzz¤zzzz¤%Q =
Df  ByWTWV[ILOV[^h\ Õ ZVeZ zzz¤zzzz¤zzzz¤%Q =
Df = ²Oly^o\NZ:SUMPZ:i:O;kÎzzz¤zzzz¤zzzz¤%Q I
 ¾À ¹ Á6Æ ;· À ¹  

WXWZYE[\]]^
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - B.P. 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Lorraine : Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - B.P. 101 - 54602 Villers lès Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot St Martin (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - B.P. 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, B.P. 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
